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1. Introduction

In a modern world, the growth of highway networks between cities and widening of road traffic have become channels of
transport logistics between cities, and urban/rural areas. It has great impact on development of urban and rural economies.
Therefore, traffic flows have been extensively studied, resulting in the occurrence of many traffic flow models, among which
the Lighthill-Whitham-Richards (LWR) model (Lighthill and Whitham, 1955; Richards, 1956) is the simplest and is capa-
ble of capturing crucial flow features of highways and predicting traffic shock waves with relatively steep wave fronts as
reported by Kiihne and Michalopoulos (2001). It has been extended to describe a behavioral theory of multi-lane traffic
flow (Daganzo, 2002a; 2002b), to predict traffic hysteresis (Wong and Wong, 2002), evolution of traffic waves (Zhu and
Wu, 2003) and critical transition of traffic flow bottlenecks (Chang and Zhu, 2006).

Furthermore, Euler model (Payne, 1971), gas-kinetic-based model (Helbing and Treiber, 1998; Hoogendoorn and Bovy,
2000), cluster effect model (Kerner and Konhduser, 1993), and generic model (Lebacque, et al.,, 2007; Zhang, et al., 2009;
Lebacque and Khoshyaran, 2013) have been proposed. High-order models have also been used to explain the vehicular flow
phenomena and traffic wave spreadings successfully.

Despite some critical comments (Daganzo, 1995), there were many remarkable applications (Jin and Zhang, 2003; Green-
berg, 2004; Zhang and Wong, 2006; Xu, et al., 2007; Ou, et al., 2007; Qiao, et al., 2014) and developments (Klar and We-
gener, 2000; Aw and Rascle, 2000; Kiselev, et al., 2000a; Zhang, 2003; Lebacque, et al., 2007; Zhang, et al., 2009; Mammar,
et al,, 2009; Ngoduy, 2012, 2013; Zhu and Yang, 2013; Spiliopoulou, et al., 2014, 2015; Bogdanova, et al., 2015; Hoogendoorn,
et al., 2015; Smirnova, et al., 2016, 2017). Patterns of traffic flows have been mathematically described by car-following mod-
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els, cellular automaton models (Nagel and Schreckenberg, 1992; Helbing and Huberman, 1998; Chowdhury, et al., 2000),
gas-kinetic models and fluid-dynamical models (Nagatani, 2002).

By using the concepts of Lagrangian mass coordinate and anticipatory acceleration, Greenberg (2004) has analyzed a
class of second-order traffic models, and found that these models support stable oscillatory traveling waves typically ob-
served on a congested roadway. With the gas-kinetic based approach (Helbing and Treiber, 1998; Hoogendoorn and Bovy,
2000; Ngoduy, 2012), a macroscopic model has been developed (Ngoduy, 2013) to describe the traffic flow where intelligent
vehicles move close to each other as compared with manual vehicles and operate in a form of many platoons each of which
contains several vehicles. A stochastic conservative model in continuous time over discrete space, following a misanthrope
Markovian process has been studied by Tordeux et al. (2014). It was reported (Lebacque and Khoshyaran, 2013) that with
the generic second order model (GSOM), the family of traffic models can be expressed as a system of conservation laws; a
proper Lagrangian formulation of the GSOM model can then be reformulated as a Hamilton-Jacobi equation, the solution of
which can be expressed as the value function of an optimal control problem. For models of the GSOM family, an adequate
framework for effective numerical methods has been obtained (Costeseque and Lebacque, 2014).

Xu, et al. (2007) have analytically investigated a wide cluster solution of Euler type traffic flow models and found that
it is not admitted in some traffic flow models in literatures. For those models which admit the wide cluster solution, they
thoroughly discussed the relationship between two important control parameters and the critical densities which divide an
equilibrium solution into stable and unstable regions.

A novel formulation of non-equilibrium traffic flow models based on their isomorphic relation with optimal control prob-
lems was given by Li and Zhang (2013). It demonstrated that with the new formulation, generic initial-boundary conditions
can be conveniently handled so that a simplified numerical scheme for non-equilibrium models can be devised.

In this paper, first order viscoelastic traffic flow models (Smirnova, et al., 2014a; Bogdanova, et al., 2015) and second
order linear viscoelastic approximation (Zhu and Yang, 2013) are described. Both models are validated by the model derived
from the car-following rule (Zhang, 2003), and numerical results are obtained with the same road operational conditions.
With viscoelastic models, the effects of maximum relaxation in traffic flow modeling with numerical tests for ring road
traffic flows are investigated. For cases of fixed vehicle length I, braking distance Xy, and characteristic length of flows I,
with different viscoelasticity y, and initial density distribution characterized by po/pom, the effects on density, speed and
their fluctuations on the ring road are compared with available measured data.

2. Viscoelastic models

In viscoelastic traffic flow modeling, an analogy to linear viscoelastic fluid flow is used, in which shear stress is given by

T, = /0 F(S)H(s)ds. (1)

where f{s) is a memory function. With experimental observation of the relaxation of shear stress of macromolecular polymer
and theory of micro-rheology (Wagner, 1978), the memory function f(s) may be written in the form of

N
f© =G T exp(-s/7). )
1

where G denotes the modulus of fluid elasticity, 7; represents the jth order relaxation time.

As reported by Daganzo (1995), vehicles mainly react to downstream traffic conditions instead of prevailing traffic
conditions and slow vehicles virtually remain unaffected by fast vehicles. These properties led to the derivation of a
third dynamic equation for velocity variance (Helbing, 1996), as reported in the continuum modeling of multi-class traffic
flow (Hoogendoorn and Bovy, 2000). In the present viscoelastic traffic flow model, driver behavior has not been considered
in detail as in the multiclass generalization of the single-class gas-kinetic equation (Paveri-Fontana, 1975) by Hoogendoorn
and Bovy (2000). Vehicles are only taken as linear viscoelastic fluid particles, with the complicated vehicular movement
described by pressure and viscoelasticity used in fluid mechanics.

In this paper, several assumptions are made in discussing the effects of maximum relaxation; namely (i) ramp flow effect
is neglected; (ii) road capacity is insensitive to the drivers; (iii) vehicles are treated as linear viscoelastic fluid particles (Zhu
and Yang, 2013; Smirnova, et al., 2014a; Bogdanova, et al., 2015).

The constitutive equation of a general linear viscoelastic fluid flow is given by

N © 1
T= —pl+GZ/O ?exp(—s/rj)H(s)ds, (3)
j=1 J

where T(= —pl + Ts) and p are stress tensor and traffic pressure respectively and H(s) is the Finger deformation tensor. For
the maximum relaxation order denoted by N, the Finger deformation tensor is given by H(s) = ZkN=] (—1)"“%&( , where
B, is the White-Metzner tensor, and s is the elapsed time period as given by Han (2000).

Traffic pressure p has been employed in Payne-type models (Payne, 1971, 1979) to remedy the LWR model (Lighthill

and Whitham, 1955; Richards, 1956). Drawback of the LWR model includes complete admission of the traffic fundamental
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diagram, inability to capture the formation of local structures, phantom-jams, hysteresis, and stop-start waves under specific
traffic conditions. In addition, discontinuous solutions result irrespective of smoothness of the initial solutions (Lyrintzis,
et al., 1994; Kerner, et al., 1996; Hoogendoorn and Bovy, 2000). The traffic pressure was treated as a linear function of
traffic density in the work of Liu, Lyrintzis and Michalopoulos (1996), which was assumed to have a general function of
traffic density in the nonequilibrium traffic flow model (Zhang, 1998).

In the macroscopic gas-kinetic-based tr affic flow model (GKT model) (Helbing and Treiber, 1998; Treiber, Hennecke and
Helbing, 1999), traffic pressure was considered as a product of traffic density and velocity variance 9, i.e., p = p6, where
0 = A(p)uZ, with A(p) being an empirical function of traffic density p, as also seen in Delis, et al. (2014). In the traffic flow
model of Aw and Rascle (2000), similar to an expression used in gas dynamics, pocp® was suggested, where « is a positive
constant to be determined be means of nonlinear analysis (Ou, et al. 2007). In particular, in the class of second-order traffic
models analyzed by Greenberg (2004), the traffic pressure-gradient term is alternated by the anticipatory acceleration.

By further studying the relationship between microscopic car-following and macroscopic fluid-like behavior of traf-
fic flow, a second-order continuum model with viscosity was developed (Zhang, 2003). In the conserved higher-order
anisotropic traffic flow model (Zhang, Wong and Dai, 2009), a pseudo-density transformed from velocity is introduced.
In particular, traffic viscosity effect is completely ignored, and pressure is taken as a function of the pseudo-density and
the relaxation of velocity to equilibrium. It was mentioned that in traffic flow modeling, different choices for the pressure
and fundamental diagram are possible, as traffic flow is a very complicated system of self-driven particles (Helbing, 2001),
implying that a given choice for the pressure and fundamental diagram is suitable to a certain scenario only. In generic sec-
ond order modeling (Lebacque and Khoshyaran, 2013), the velocity equation is replaced by a governing equation of driver
attribute I, with the driver dependent fundamental diagram given by 9%(p,I) = p3(p, I), without adopting the concept of
traffic pressure which is just a notation, but does not exist physically (Smirnov, et al., 2014; Smirnova, et al., 2017).

As suggested by Zhu and Yang (2013), using second-order approximation (N=2) , and the expression f;° skexp (—as)ds =

kL the traffic flow stress can be expressed as:

ak+T?

T=—-p+G(t1 +T2)B1 — G(z2 + 17)By, (4)
As described by Han (2000), B; = 2uy and

By = By + uByx — 2B2. (5)

Since 7; can be approximated by 71/j2, the total relaxation time can be approximated as T ~ 7; + 7, = 1.2574, such that
71 = 0.87, and 1 = 0.27. Noting that fluid elasticity is given by o = 2G(112 + r22)/p, dynamic viscosity is given by u = pv =
2Gr, we can express elasticity as o = v(t? + t2)/T, or

0 =v(T —27172/7) = 0.68VT. (6)

According to traditional traffic flow modeling, the general form of the force acting on vehicular clusters can be formulated
as

F=(.—q)/T+T (7)

where g is the flow rate under the equilibrium traffic state, and Ty is the relevant surface force related to the traffic flow
stress.

Based on the traffic fundamental diagram used by Kiselev et al. (2000b), for further modifying the traffic flow rate g, at
density beyond second critical value p.,, denoting the second critical speed of traffic flow by uy (o) = ¢ /A, then g. can
be written as

Vi, for p < p..
ge = 1 —Czp In(p/pm), for p. < p < pe2, (8)
Bp{1 —sech[AIn(p/pm)]}, for po < p < pm,

where o /pm =exp(—1/A), and B = u./{1 —sech[A In(po/pm)]}, depends not only on the second critical density and
speed but also on the speed ratio A and jam density pn,. The density dependance of equilibrium flow g, is postulated
according to the flow peculiarity that any flow state in over the 2nd critical traffic is dominated by jams propagation and
interactions with spontaneously generated jam and rarefaction waves. The maximum permissible density p« at free flow
speed vy is

s = Pm €XP(~Vf/Cr). )
As safe traffic density itself implies that the distance between vehicles are not shorter than the braking distance X, the
density p« is then defined by the equality

)O* :pm[l +Xbr/l]_17 (10)
which is generally referred to as 1st critical density or 1st transitional density. Combining Egs. (9) and (10), we obtain
Cr = v/ In[1 4+ Xy, /1] (11)

The traffic state Eq. (8) is shown in Fig. 1, where p, is the 2nd critical traffic density, above which traffic flow becomes
stable again.
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Fig. 1. Fundamental diagram given by Eq. (8).

It is noted that at p« and p,, the function or the kinetic speed g, (p) is discontinuous, which might not bother numerical
simulations but might give troublesome in the mathematics for discussion.
Traffic pressure is defined by

p=pmn(1—a)(p/om)/[1—a(p/pm)]. (12)

where o = lpp, is the product of average vehicle length [ and pm, pm are jam density and jam pressure respectively. It is
noted that the flow-density relation used for illustrating traffic fundamental diagram, usually called traffic state equation,
has a crucial impact on the traffic road operation (Haight, 1963). In addition, weather conditions, running performances of
vehicles have influences on drivers’ psychology and driving behaviors.

Eq. (12) is derived with the assumption that traffic pressure is proportional to the reciprocal of spatial headway of vehi-
cles rather than traffic density directly, and sound speed of traffic flow can be derived as ¢ = (9p/dp). Thus, denoting the
proportional coefficient by K, we have

1
p=K- oo (13)
where s = 1/p. Using o = lpy, its equivalent form can be expressed as
Kp
=, 14
P 1- 05,0/,0m ( )
when p = pp, giving
K=Q1-0a)pm/pm. (15)
It can be seen that this pressure expression allows the speed of sound to be calculated from
K
2
= (16)
[1-ap/om]?
If the sound speed at second critical density p., has a value which is identical to —p[ué]}p , = cr, then we have (Zhang,
2003)
K = {c:[1 — ape/pm]}?. (17)
Putting cg = ¢, Eq. (16) can be rewritten as
c_ 1 _Olpc2/,0m’ (18)
o l1-ap/pm
implying that
djm) _c (e 19)
d(p/pm) € \1—0ap/pm
and
1—apo/pml
=c2p- [75 . 20
p=cp T—ap/pm (20)

As spatial headway (s —1[) tends to zero, the traffic pressure p— oo, implying that local vehicle stoppages or unex-
pected local vehicle collisions are inevitable. In this paper, we show the traffic flow acceleration evolution at some fixed
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sections. It is more direct and convenient to determine whether traffic acceleration has exceeded the empirical lim-
its (=5m/s2, 1.5m/s?) (Smirnova, et al., 2015), and also whether traffic flows have been simulated reliably.

With the definition q = pu, B; = 2uy, and the expression of vehicular mass conservation pr + gx = 0 under the assump-
tion (i), as described by Han (2000), pB, has the form

pBa = pBy; + puBiy — 2pB3,
= 20(Us + uty)y — 6012, (21)
such that
T=—p+(pV+ p1)ux — p0 (Ue + Ully)y, (22)

where 1 =3pouyx = pvy. Combining Eqgs. (7), (12), and (22), the governing equations based on viscoelastic traffic flows
modeling with maximum relaxation order N = 2 become

Pe+qx =0,
p(uf"’_uu)() :Rv (23)
R+1[po (R/p)xlx = p (e —u)/T — ¢ px + [(2GT + pvq)uxlx.

From Eq. (23), it is seen that the traffic acceleration R/o depends on pressure gradient c2px/p, implying possible occur-
rences of negative speeds in the solutions, even in the cases of excluding the viscous and relaxation time related terms (Aw
and Rascle, 2000). As a car is an anisotropic particle that mostly responds to frontal stimuli, not completely identical to a
fluid particle, in modeling vehicular acceleration, relaxation time related term p(ue —u)/T should be included. Following
the principle that all traffic waves connecting any state to its left must have a propagation speed (shock speed) at most
equal to the traffic speed, anisotropic higher-order traffic flow models have been developed and studied (Rascle, 2002; Xu,
et al., 2007).

In the viscoelastic traffic flow model, traffic pressure gradient results in the principle for shock speed mentioned above
not been satisfied, as from the view of fluid mechanics it is unnecessary to limit shock speed with the speed of Brownian
motion of fluid molecules. The use of relaxation term p(ue. —u)/T can decrease the probability of negative speed occur-
rences, in particular, when geometric average of 2Gt is used to set the visco-elasticity on the mesh-faces, for instance in
the numerical simulation of a queue-stoppage at a traffic light with models having abandoned the principle for shock speed.

Similarly, in a more simple analogy to unsteady traffic flows for the case of N =1 as in Smirnova, et al. (2014a) and
Bogdanova, et al. (2015), the governing equations based on viscoelastic traffic flows modeling with maximum relaxation
order N =1 can be expressed as

o +qx =0,
p(ur +uuy) =R, (24)
R=p(ue —u)/T — py + [(2GT)uyx.

Traffic flow viscosity has been employed in several well known mathematical models (Whitham, 1974; Kiihne, 1987,
1989; Kerner, et al., 1996; Zhang, 2003). While Navier-Stikes equations have been used to describe all viscous flows, its use
in traffic flows is not apparent. Similar to viscosity in fluid mechanics, arising from resistance to change of shear stress, it
is postulated that in traffic flow it is the drivers tendency to resist sudden and sharp changes in speed that leads to viscous
terms in traffic speed dynamics.

The interactions between multiple class vehicles (Hoogendoorn and Bovy, 2000) can be viewed as a primary and intrinsic
reason of introducing the concept of viscoelasticity in traffic flow modeling based on the constitutive relationship of non-
Newtonian fluid flow. Furthermore viscoelastic modeling of multiple class and multi-lane traffic flows is becoming common.
This paper only concentrates on the effect of maximum relaxation in viscoelastic modeling of single class traffic flows,
applying the models described in numerical tests for single lane ring-traffic flows.

To develop a conserved higher-order anisotropic traffic flow model, a pseudo-density is introduced (Zhang, et al., 2009),
avoiding the concept of named traffic pressure and sound speed. However, ascertaining details of potential of the conserved
anisotropic model needs further studies, such as the problems of initial condition of pseudo-density and the effects of
pseudo-density dependent equilibrium velocity.

To represent the propagation of an infinitesimal disturbance, sound speed cannot be ignored when traffic flow is specially
light (0=0) or completely jammed (p/pm=1). From classical mechanics, sound speed may be defined as the isentropic
derivative of pressure to density, rather than to employ the fundamental diagram of traffic flow (Payne, 1971).

To validate the reliability and applicability of viscoelastic traffic models, it is necessary to compare numerical simulations
with the higher order model derived from car-following rule (Zhang, 2003) with the same initial and boundary conditions,
expressions for traffic pressure and sound speed.

3. Numerical method

Taking R; = R + c?py instead of R, the governing Eq. (23) or (24) becomes
dU OF(U
L IFU) _

ot 0x

S, (25)
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Fig. 2. Traffic pressure (a) and sound speed ratio (b) plotted as functions of density p. (Density and pressure are measured by p, and pmv} respectively).

Table 1
Parameters of ring road traffic operations.

vr (km/h)  pm (veh/km)  X(v) (m)  [(m)  ugo(km/h) lp (m)  to(s)

110 150 50 5.8 15 160 50.377
To(s) Co/Vo p+1Pm A Ximax XA Xp
11.854 4.250 0.1039 3.239 780 195 585

Periodic
section

Fig. 3. Schematic diagram of ring road traffic flow without ramps.

where U= (p,q)T, F(U) = (q.q%/p + p)T. and S = (0, R;)T, with superscript ‘T’ representing vector transpose.
The eigenvalues of Eq. (25) Ay, (k= 1,2) may be expressed as A; = u —c and A, = u + ¢, where the Jacobian matrix is

oF R

_louy ou | _ 0 1

A= 871"21 871322 _(—u2+62 2u>' (26)
oU; U,

While some believe that the eigenvalue should not exceed the traffic speed, the present viscoelastic model uses non-
Newtonian fluid flow analogy, such that the traffic speed involves vehicular cluster rather than a single car, the eigenvalue
limit is irrelevant. In fact, an eigenvalue represents the propagation speed of traffic waves (shock speed) and it is not nec-
essary to limit the propagation speed with respect to the speed of Brownian motion of fluid molecular particles.

For numerical simulations of traffic flows, there are many methods, such as the Lax-Friedrichs scheme (Xu, et al., 2007),
the weighted essentially non-oscillatory numerical scheme (WENO scheme) (Zhang, et al., 2006; Delis, etal, 2014), the dis-
continuous Galerkin finite element scheme (Qiao, et al., 2014), the methods used in pseudo-code design (Costeseque and
Lebacque, 2014), and the total variation diminishing (TVD) scheme (Smirnova, et al., 2017), etc. To obtain numerical solu-
tions of governing Eq. (25), the TVD scheme developed by Roe (1981) is adopted. Denoting respectively the mesh size and
ratio of time step to mesh size respectively by Ax; and w = At/Ax, the Courant-Friedrichs-Lewy (CFL) condition of TVD is
satisfied by putting

w:CFL/maxl)»k,i+1/2|, k=1,2; i=0,1,2,..., Inax— 1, (27)
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Fig. 4. Spatial-temporal evolutions of ring road traffic flow density for y = 0.125, (a) Zhang (2003); (b) N=1; (c) N=2.

where Ay ;. represents the kth eigenvalue for A at x;, 1,3, Imax is the maximum number of mesh, and the Courant number
Crp = 0.4 (Shui, 1998) is fixed in the numerical tests.

Linearization of non-linear source terms is a general approach in numerical treatments (Tao, 2001). With linear expan-
sion, the source term R; at the time level t" + 1/2 can be calculated by

1(0R " 1(0R !
n+1/2 n 1 n 1 n
R =R+ 5 (8 ) Sp" + 5 <8q ) 8q™, (28)

where §p" = p™t1 — p", §q" = g"*1 — q". Representing the speed and length scales respectively by vy and Ax(=ly), we have
time scale ty = lp/vg. For simplicity, using the scaled variables as the same as the unscaled, so that for N =1 the form of
dimensionless expression

Ry =R+ c*py
=(qe — @)/7T +[(2GT)uxlx

keep unchanged, by simply neglecting the roles of viscous term [(2GT )ux]x in the linearization, we approximately have

OR; 1 aqe OR; _ -1
%_r (8,0) F i (29)

For N = 2, R; should satisfy the equation
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Fig. 5. Temporal evolutions of traffic flow speed (a), density (b) and acceleration (c) at x=390 for y = 0.125, and po/pm=1/3. Note that R/p has a unit of
the permitted maximum acceleration 1.5 m/s? as reported by Smirnova, et al. (2015).

Ry =R+ ?py
= (ge — @)/T +[2GT + pv1)uxlx — {Po[(R1 — 2 px)/Pl)x (30)

which can be solved numerically. Similarly, by simply neglecting the roles of viscous term [(2GT)ux]x and elastic terms
[pviuxlx and {po[(Ry — c%px)/plx}x, the Eq. (29) is still established approximately. The linear expansion of Ry is just an
approach to improve the temporal discretization accuracy of Eq. (25), as reported in Ref. (Sminova, et al., 2017).

The TVD scheme has the form

. " " VN YE A .
8Ui = —CL)(F,‘_H/Z - F,‘+1/2) + (At)S, + S5\ 50 (SUl- s (31)

;
where U = U?“ -Ul, At(= t"*+1 _ "), The numerical flux f=,~+1/2 can be calculated using the eigen vectors of Jacobian
matrix A. The calculation of Fi 4 ,2 involves evaluating the coefficients of viscous term Qi(z) with an artificial parameter €y,
as outlined by Zhu and Wu (2003) and Chang and Zhu (2006).

The dependence of traffic pressure p and sound speed ratio c/cy on the normalized traffic density p/pm as shown in
Fig. 2 is calculated so that they can subsequently be used by linear interpolation in numerical tests. This methodology in

flow simulator coding is more flexible than using explicit expressions of traffic pressure p and sound speed ratio c/cq directly,
and thus having a wider potential in applications.

4. Model comparison

To validate the reliability and applicability of viscoelastic traffic flow models described above, the traffic flow model
derived on the basis of car-following rule (Zhang, 2003) is used. By assuming 73/T = c/cg, and ly = ¢yTp similar to the
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14 — - = Zhang (2003)
12y N=1

N=2

(b) t (min)

Fig. 6. Temporal evolutions of traffic flow speed (a), density (b) and acceleration (c) at x=390 for y = 0.125, and po/pm=1/3. Note that R/p has a unit of
the permitted maximum acceleration 1.5 m/s? as reported by Smirnova, et al. (2015).

Table 2
Parameters adopted in numerical tests.

Case N polpm v = [20(1?1/0) . (%:|a Case N polpm 7= [26(;2201/0) . %]
1 1 1/3 0.03125 13 2 1/3 0.03125
2 1 1/3 0.0625 14 2 1/3 0.0625
3 1 1/3 0.125 15 2 1/3 0.125

4 1 1/3 0.25 16 2 1/3 0.25

5 1 1/5 0.03125 17 2 1/5 0.03125
6 1 1/5 0.0625 18 2 1/5 0.0625
7 1 1/5 0.125 19 2 1/5 0.125

8 1 1/5 0.25 20 2 1/5 0.25

9 1 1/8 0.03125 21 2 1/8 0.03125
10 1 1/8 0.0625 22 2 1/8 0.0625
1 1 1/8 0.125 23 2 1/8 0.125
12 1 1/8 0.25 24 2 1/8 0.25

2 The flow rate, speed and time scales are qo = 0.V, Vo = lo/to, to = loom/qo. respectively.

work of Smirnova, et al. (2017), Zhang’s model can be written as

Ot +qx=0,
g +1{q*/p +p+[2Bco) - (c/c0)1(@/p)}x =R, (32)
R =[Y=D](c/co) + [(2Bco) - (c/co)p1(@/ P + (a/P)[2BCo) - (c/co) Pl
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Fig. 7. Spatial-temporal evolutions of ring road traffic flow density for po/pm=1/3, (a) y=0.03125, (b) y¥=0.0625, (c) y=0.125, and (d) y=0.25.

where equilibrium flow rate g, satisfies Eq. (8), sound speed ratio c/cq is described by Eq. (19), with traffic pressure calcu-
lated by Eq. (20). The dimensionless parameter § is given by

%
=—.
27pC§

B (33)

The numerical method for Eq. (32) is also TVD (Roe, 1981) as described in Section 3. It is noted that the discretization of
[(2Bcp) - (c[cg)plx is implemented by a second order upwind scheme (Tao, 2001).
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4.1. Parameters and conditions

Using the viscoelastic models and Zhang’s model (Zhang, 2003), numerical simulations of ring traffic flows are performed
for validation. The road length is X2x=780, with a length unit ly =160 m, a velocity scale vy = vfp./om ~ 3.176 m/s, and
time scale ty = lp/vg(~ 50.377 s). Other parameters, including free flow speed, jam density, braking distance and average
length of vehicles are given in Table 1, and the 1st critical density p« is obtained from Eq. (10). The second critical speed
is assumed to be 15 km/h (Zhu and Yang, 2013), which gives A =3.239, p., = 0.7344. When the average vehicle length I
and jam density o, given in Table 1 are used, the dimensionless parameter « has a value 0.87, for which the dependence
of traffic pressure p and sound speed ratio c/cy on density p/pm are shown in Fig. 2.

The blue-colored curve (a) indicates that traffic pressure increases with density monotonically, for o = 0.87, from p =0
when there is no vehicles on the road to p, = 0.1957 where the road is completely jammed p = 1. For all free flow states
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Fig. 9. Spatial-temporal evolutions of ring road traffic flow speed for y=0.0625, (a) po/pm=1/3, (b) po/om=1/5, (c) po/pm=1/8.

p < p«, pr =0.1039, traffic pressure p holds a value less then 0.2905%; for unsaturated traffic flows p €(p+, ps), with the
saturation point ps = 1/e ~ 0.368, e=2.71828, p holds a value in the range (0.2905%, 1.375%); for over-saturated traffic flows
having a density less than the second critical density p,, = 0.666, p €[ps, pe2), p has a value located in the range [1.375%,
5.174%). It can be seen that the second critical pressure p, = 5.174%, beyond which the pressure increases rapidly with
traffic density, it reaches a value of about 0.1957 for p = 1.

The black curve (b) indicates that traffic sound speed ¢ measured by the second critical sound speed cy also increase
with traffic density monotonically. Even for the case when the road is empty, sound speed has a value of 0.3611. On the
other hand, when traffic flow is completely jammed, it is approximately equal to 2.777. In particular, at traffic saturation
point ps, ¢/cg = 0.531.

It is noted that the value of artificial parameter €, is set at 0.05, which is used to evaluate the coefficients of viscous
term Qi(z) in the prediction of numerical flux f’,-+1 s2- The term Qi(z) is defined by

|z, For |z| > €;

Q(2) = {%(z2 +€?)/€. Otherwise.

An increase in numerical viscosity can lead to the shock profile of the reproduced wide moving jam in conserved higher-
order traffic flow model (Zhang, et al., 2009) becomes smoother and the backward moving wave becomes faster (Qiao
et al. (2014). However, numerical viscosity effects in traffic flow simulations are not obvious, as shown by the numerical
work of Delis, et al. (2014), the deviation of the calculated traffic flow curves based on a second-order MUSCL (i.e., mono-
tone upstream-centered scheme for conservation laws) scheme and a fifth-order WENO scheme is rather small, visually
difficult to distinguish. Since the source term used to describe traffic acceleration has been handled with linear expansion
to improve temporal discretization accuracy, the numerical viscosity effects in the present numerical tests should be as small
as negligible.
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Note that R/p has a unit of the permitted maximum acceleration 1.5 m/s? as reported by Smirnova, et al. (2015).

Initial density condition is assumed to be
(34)

_J1.0, forx e [x; — 1, x; + 1],
p(0.x) = {,oo/pm, Otherwise,
with q(0,x) = ge(0(0,x)). As shown in Fig. 3, x; (I = A, B) is calculated from values given in Table 1, with Reynolds num-
ber (Re = Ipvg/v) of 8, and 28 = 2.941 x 102, The viscoelasticity parameter denoted by y = [&2‘)”0) . ;—%], has a value of
0

0.125 (Smirnova, et al., 2017). The model validation is based on the comparison of numerical simulations of ring traffic flows
for two cases of pg/pm=1/3 and 1/5.

4.2. Comparison of results
Traffic flow patterns in the t — x plane given by density contours are shown in Fig. 4, where (a) shows the flow patterns

based on Zhang’s model (2003), while (b) and (c) show the patterns based on viscoelastic models for N=1, 2 respectively.

The density in the blue region is less than 0.3, while in the red region it is higher than 0.7, with the cyan region having
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Fig. 11. Evolutions of traffic flow density and acceleration at x=390 for po/pm=1/5; (a) y=0.03125, (b) y=0.0625, (c) y=0.125, and (d) y=0.25. Note that
R/p has a unit of the permitted maximum acceleration 1.5 m/s? as reported by Smirnova, et al. (2015). (For interpretation of the references to color in this

figure, the reader is referred to the web version of this article.)

values in the range of [0.3, 0.35], and the green and yellow regions being in the ranges of [0.35,0.5] and [0.5,0.7] respectively.
The similarity to the pattern obtained by Zhang (2003) model, to some extent indicates that viscoelastic traffic flow models
are reasonable.

Temporal evolutions of traffic flow speed, density and acceleration for pg/pm=1/3 and 1/5 are shown in Fig. 5 and Fig. 6,
respectively. Correspondingly, any negative drop of acceleration (R/p) indicates an occurrence of a negative drop of speed
(u), and a positive peak of density (p). It can be seen that at the point x = 390, the evolutional waves of u, p and R/p have
different shapes, although the pressure and sound speed are kept constant. However, discrepancies between the evolution
curves do not justify model reliability, as the absolute value of traffic flow acceleration in the time period t< (0, 377.8) is
generally less than unity, which is relevant to its permitted maximum acceleration of 1.5m/s2.

The model comparison indicates that numerical results based on viscoelastic models are reliable, with the spatial-
temporal evolutions reflecting the structures of traffic waves. The numerical results suggest that even for specially light

or completely jammed scenarios, the sound speed of traffic flow could be derived.
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5. Results and discussion

5.1. Simulation parameters

Using the models described in Section 2, numerical tests are carried out to show the effects of maximum relaxation in
predicting ring traffic flows, for which parameters and conditions have been described in Section 4.1. Initial density pg/0om
is assigned to be 1/3, 1/5, or 1/8 in the numerical tests, as shown in Table 2.

The initial density pq/om can be slightly lower than saturation density ps(= pm/e); has value of between the 1st critical
density p+ and the saturation density ps; or be slightly higher than p-. Hence, under the initial conditions for the 24
cases in Table 2, the spatial-temporal evolutions of the irregularity of initial density can lead to the generation of traffic
shock waves, with the propagation and interaction with rarefaction waves forming traffic flow patterns sensitive to the

viscoelasticity y (= [w . ;%]) as reported recently (Smirnova, et al., 2017).
0
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Fig. 13. Distributions of mean density (a-b) and speed (c-d) on the single lane ring road for pg/pm=1/3, 1/5.

5.2. Traffic flow patterns

For po/pm=1/3, traffic flow patterns illustrated by density contours in the ¢t — x plane are shown in Fig. 7 for maximum
relaxation N=1 (left) and N = 2 (right). The density contours shown in (a-d) in the Flood-type form are labeled by values
of 0.3, 0.35, 0.5, and 0.7 respectively. Similar to what experimentally observed in German highways (Kerner, 1998), the
patterns given by Fig. 7 reveal that there are spontaneously generated jams, which occurred between the two initial jams
started spreading from the points near X, and Xg. The spontaneous jams start to propagate forward, but for the leading one
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nearest to initially originated jam, its mergence with the backward spreading initial jam, makes a change of propagating

direction for the merged jam. The spontaneous jams promote traffic flow to enter into a self-organized stop-and-go mode.
In initial period te (0, 150), the traffic shock waves propagate forward and backward. However, with the evolutions and

interactions of traffic waves, when the evolution time is greater than 150 minutes, almost all traffic shocks on the ring road

propagate backward, as can be observed by tracing the temporal evolution of higher density contours in Fig. 7(a-d).

With the increase of viscoelastic parameter y, self-organizing ability of the ring- traffic flows increases, the traffic flow
pattern becomes more regular as a result of interaction of traffic shock and rarefaction waves. This indicates that self-
organizing ability plays a crucial role in traffic flow pattern formation. Furthermore, the traffic flow pattern is rather sensitive
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Fig. 15. Comparison of traffic speed with existing measured data at x = 390 for =0.0625; (a) po/om=1/3, (b) po/pm=1/5, (¢) po/pm=1/8. The observation
data are obtained from McShane et al. (1998), and the jam density for normalisation is supposed to be 200 veh/mile.

to the maximum relaxation (N) of traffic flow modeling, indicating that the numerically simulated traffic shock intensity,
shock propagation speed and spreading direction, as well as the rarefaction wave properties all depend on the maximum
relaxation (N).

On the other hand, as shown in Fig. 8(a-d), traffic flow patterns on the ring road are extremely dependent on initial
density pg/om, which examines the spatial averaged density on the ring-road. It is seen that for po/pm=1/5, independent
of the value of y, all shock waves propagate forward, with the propagation speeds closely relating to the wave interaction
and the fundamental diagram used in the numerical test, as explained by Daganzo (1997) and recent works (Lebacque,
et al., 2007; Zhang, Wong and Dai, 2009; Lebacque and Khoshyaran 2013; Smirnova, et al., 2017). Furthermore, different
relaxation choice of N leads to different flow patterns illustrated by density contours.
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The extreme dependence of traffic flow patterns on initial density pg/om can also be seen from the patterns depicted by
spatial-temporal evolutions of speed shown in Fig. 9(a-c). The shock wave spreading direction are observed by tracing the
evolution of lower speed contours. As seen in Fig. 9(c), for po/pm=1/8, the spatial averaged density on the ring road is close
to the 1st critical density p=/pm, all the shock waves propagate forward, but having faster propagation speeds than that
for po/pm=1/5, due to higher gradients of the speed contours. Similarly, the difference caused by the choice of relaxation
maximum N can be observed again from flow patterns given in Fig. 9(c).

5.3. Evolutions of speed and acceleration

To observe the difference caused by the choice of N more directly, temporal evolutions of density (o) and acceleration
(R/p) at x=390 are illustrated in Figs. 10(a-d), 11(a-d), and 12(a-d), where the density is measured by the jam density
Pom, and the acceleration unit is permitted maximum acceleration of 1.5m/s? as reported by Smirnova, et al. (2015). The
evolutions of p and R/p have a synchronized property, any negative drop of acceleration (R/0) accompanies with a sharp
peak of traffic density (p), as shown in Figs. 10-12. Such evolution behavior between acceleration and density is influenced
by viscoelasticity y, initial density pg/om, and relaxation maximum N.

As shown in Fig. 10(a-d), corresponding to the density contours given in Fig. 7(a-d), any negative acceleration drop
implies an occurrence of traffic shock wave. In contrast, any smooth part of evolution curve of R/p indicates that there is
a comparatively steady moving trend of vehicles motion at the observing point x = 390. Characterized by the traffic shock
wave structures on the ring-road, the density p at x =390 oscillates around a mean value close to 1/3. In most cases,
acceleration R/p keeps a value close to zero except for the negative jumps with a height of about 0.35, suggesting that the
simulation parameters in the numerical tests are appropriate. This implies that when acceleration is beyond the limit as
reported by Smirnova, et al. (2015), the simulation results become unreliable.

The temporal evolutions of density p and acceleration R/p denoted by blue-dashed curves for N=1, do not overlap with
the evolutional solid curves for N=2, and such effects of maximum relaxation on temporal evolutions of p and R/p at x=390
can be seen more clearly than that for the differences between traffic patterns given in Fig. 7(a-d).

Coinciding with traffic patterns given in Figs. 8(a-d), 11(a-d) show the temporal evolutions of density and acceleration at
x=390 for py/pm=1/5. In comparison with Figs. 10, it can be seen that the temporal evolutional behaviors of p and R/p are
under the influence of initial density, the po/pm decrease of 1/3 — 1/5, not only brings about a decrease of density peak
value and a slight drop approximately from 0.35 to 0.3 of negative drop height of R/p, but also an increase of occurrent
frequency of negative drop of R/p. Again, the apparent separations of dashed-blue curves from solid curves in Fig. 11(a-d)
indicate the differences caused by N.

Similarly, when pg/pm=1/8, from Fig. 12(a-d) it is seen that the temporal evolutions of density coincide with the flow
pattern given by speed contours in Fig. 9(c). Again, the differences caused by N can be seen clearly. In addition, when initial
density pg/om changes from 1/5 to 1/8, the negative drop of the R/p curve decreases approximately from 0.3 to 0.25.

5.4. Distributions of density and speed

By averaging the traffic density and speed over a time period of about 755 minutes, the mean traffic density and mean
traffic speed on the ring road can be obtained. For pg/om=1/3, and 1/5, the relevant distributions are shown in Fig. 13(a-d)
for N=1, 2 with y=0.03125, 0.0625, 0.125, and 0.25. The distributions of mean traffic density and speed on the single lane
ring road are both sensitive to viscoelasticity y, leading to explicitly different distributions of mean traffic density and speed.
This confirms to the finding that there exists a wide spectrum of pattern formation phenomena in traffic systems, as pre-
viously reported by other traffic flow models, such as car-following models, cellular automaton models (Nagel, et al., 1992;
Helbing and Huberman, 1998; Chowdhury, et al., 2000), gas-kinetic models and fluid-dynamical models (Nagatani, 2002).

In Fig. 13(a-b), it is seen that on the ring-road, the mean density oscillates around a value just slightly over the initial
density po/pom, with two initial traffic jams around x, and xg. The magnitude of spatial oscillation is very sensitive to the
initial density value and the decrease of initial density leads to an acute drop of the spatial variation magnitude as shown
in Fig. 13(c-d).

To show the characteristics of the ring road traffic flow in more details, the distributions of density and speed fluctua-
tions are shown in Fig. 14(a-d), here the fluctuation refers to time-average based root mean square (RMS) value of some
variable. It can be seen that density and speed fluctuations are consistent with the patterns in Figs. 7(a-d), and 8(a-d). The
fluctuations of p and u are not only sensitive to viscoelasticity y and initial density pg/om, but also closely dependent on
the maximum relaxation N. As fluctuations reflect the interaction of shocks and traffic rarefaction waves, the change of y,
Polpm, or N causes differences in density and speed fluctuations.

As shown in Fig. 15(a-d), the instantaneous traffic speed (u) at x=390 is illustrated as a function of traffic density. In-
stantaneous equilibrium speed (u.) at x=390 determined by Eq. (8) is labeled by unfilled triangles, with measured data of
McShane et al. (1998) labeled by unfilled black squares. The comparison of speed-density relation at a given section with
measured data, shows the ring road traffic flows are sensitive to initial density po/pom, indicating that viscoelastic traffic
flow modeling gives reliable simulation results.
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6. Conclusions

In analogous to non-Newtonian fluid flow, a viscoelastic traffic flow modeling is used to predict the effects of maximum
relaxation on ring- road traffic flows numerically. The following findings are obtained:

1. As self-organizing ability of traffic flows increases with the increase of viscoelasticity, the traffic flow pattern becomes
more regular, indicating that traffic flow self-organization plays a crucial role in the determination of traffic flow pat-
terns, while the maximum relaxation brings about some effects in the pattern evolution and the interaction between
traffic shocks and rarefaction waves.

2. The simulation parameters adopted in the numerical tests for ring road traffic flows are appropriate. For unsaturated
ring traffic flows with two initial jams, there are spontaneous generated jams appearing between initial jams. The spon-
taneous jams promote the occurrence of stop-and-go traffic mode.

3. The distributions of the mean and RMS values of traffic density and speed on the ring road indicate that the character-
istics of traffic flows on the ring road depends on the initial density. For denser ring road traffic flows, almost all traffic
shocks propagate backward. When the initial density becomes smaller, traffic shocks propagate forward. When the initial
density is close to but higher than the 1st critical density, the ring road traffic flow keeps in free flow state.

4, The maximum relaxation in viscoelastic traffic flow modeling does lead to some differences in patterns depicted by
spatial-temporal evolution of density or speed. In addition, numerical tests reveals that the maximum relaxation causes
a small variation of traffic flow patterns.

Acknowledgments

This work is supported by NSFC (10972212).
References

Aw, A., Rascle, M., 2000. Resurrection of second order models of traffic flow. SIAM ]. Appl. Math. 60, 916-938.

Bogdanova, A., Smirnova, M.N., Zhu, ZJ., Smirnov, N.N., 2015. Exploring peculiarities of traffic flows with a viscoelastic model. Transportmetr. A Transp. Sci.
11 (7), 561-578.

Chang, G.L., Zhu, Z]., 2006. A macroscopic traffic model for highway work zones: formulations and numerical results. J. Adv. Transp. 40 (3), 265-287.

Chowdhury, D., Santen, L., Schadschneider, A., 2000. Statistical physics of vehicular traffic and some related systems. Phys. Rep. 329, 199-329.

Costeseque, G., Lebacque, J.P.,, 2014. A variational formulation for higher order macroscopic traffic flow models: numerical investigation. Transp. Res. Part B
Methodol. 70, 112-133.

Daganzo, C.F,, 1995. Requiem for second-order fluid approximations of traffic flow. Transp. Res. Part B Methodol. 29, 277-286.

Daganzo, C.F, 1997. Traffic flow theory. In: Daganzo, C.F. (Ed.), Fundamentals of Transportation and Traffic Operations. Pergamon, New York, pp. 67-160.

Daganzo, C.F, 2002a. A behavioral theory of multi-lane traffic flow. part i: long homogeneous freeway sections. Transp. Res. Part B Methodol. 36, 131-158.

Daganzo, C.F, 2002b. A behavioral theory of multi-lane traffic flow: part ii: merges and onset of congestion. Transp. Res. Part B Methodol. 36, 159-169.

Delis, AL, Nikolos, LK., Papageorgiou, M., 2014. High-resolution numerical relaxation approximations to second-order macroscopic traffic flow models.
Transp. Res. Part C Emerg. Technol. 44, 318-349.

Greenberg, ].M., 2004. Congestion redux. SIAM J. Appl. Math. 64 (4), 1175-1185.

Haight, FA., 1963. Mathematical Theories of Traffic Flow. Academic Press, New York.

Han, S.F, 2000. Constitutive theory of viscoelastic fluids. In: Han, S.F. (Ed.), Constitutive Equation and Computational Analytical Theory of Non-Newtonian
Fluid. Science Press, Peking, pp. 59-86.

Helbing, D., 1996. Traffic modeling by means of physical concepts. In: D. E. Wolf, M.S., Bachem, A. (Eds.), Proceedings of the Workshop on Traffoc and
Granular Flow. World Scientific, Singapore, pp. 87-104.

Helbing, D., 2001. Traffic and related self-driven many-particle systems. Rev. Mod. Phys. 73 (4), 1067-1414.

Helbing, D., Huberman, B.A., 1998. Coherent moving states in highway traffic. Nature 396 (6713), 738-740.

Helbing, D., Treiber, M., 1998. Gas-kinetic-based traffic model explaining observed hysteretic phase transition. Phys. Rev. Lett. 81, 3042-3045.

Hoogendoorn, S.P., Bovy, PH.L, 2000. Continuum modeling of multiclass traffic flow. Transp. Res. Part B Methodol. 34 (2), 123-146.

Hoogendoorn, S.P., van Wageningen-Kessels, F., Daamen, W., Duives, D.C.,, Sarvi, M., 2015. Continuum theory for pedestrian traffic flow: local route choice
modelling and its implications. Transp. Res. Part C Emerg. Technol. 59, 183-197.

Jin, W.L,, Zhang, H.M., 2003. The formation and structure of vehicle clusters in the Payne-Whitham traffic flow model. Transp. Res. Part B Methodol. 37 (3),
207-223.

Kerner, B., Konhduser, P.,, 1993. Cluster effect in initially homogemeous traffic flow. Phys. Rev. E 48, 2335-2338.

Kerner, B.S., 1998. Experimental features of self-organization in traffic flow. Phys. Rev. Lett. 81 (17), 3797-3800.

Kerner, B.S., Konhatiser, P., Schilke, M., 1996. A new approach to problems of traffic flow theory. In: Laboratory, T.R. (Ed.), Proceedings of the 13th Interna-
tional Symposium on Transportation and Traffic Theory. July, LYON, FRANCE, pp. 24-26.

Kiselev, A.B., Nikitin, V.F, Smirnov, N.N., Yumashev, M., 2000a. Irregular traffic flow on a ring road. J. Appl. Math. Mech. 64 (4), 627-634.

Kiselev, A.B., Nikitin, V.F, Smirnov, N.N., Yumashev, M.V., 2000b. Irregular traffic flow on a ring road. J. Appl. Math. Mech. 64 (4), 627-634.

Klar, A., Wegener, R., 2000. Kinetic derivation of macroscopic anticipation models for vehicular traffic. SIAM ]J. Appl. Math. 60 (5), 1749-1766.

Kiihne, R. D., 1987. Freeway speed distribution and acceleration noise. In: Gartner, N.H., W. N., Transportation and Traffic Theory. Elsevier: Amsterdam, pp.
119-137.

Kiihne, R.D., 1989. Freeway control and incident detection using a stochastic continuum theory of traffic flow. In: Proceedings of the 1st International
Conference on Applied Advanced Technology in Transportation Engineering. San Diego, CA, pp. 287-292.

Kiihne, R. D., Michalopoulos, P., 2001. Continuum flow models. URL http://www-cta.ornl.gov/cta/research/trb/tft.html

Lebacque, J.P., Khoshyaran, M.M., 2013. A variational formulation for higher order macroscopic traffic flow models of the GSOM family. Transp. Res. Part B
Methodol. 57, 245-265.

Lebacque, J.P., Mammar, S., Haj-Salem, H., 2007. Generic second order traffic flow modelling. In: Allsop, R., Benjiamin, G. (Eds.), Transportation and Traffic
Theory. Elsevier: Oxford, pp. 755-776.

Li, J., Zhang, H.M., 2013. The variational formulation of a non-equilibrium traffic flow model: theory and implications. Proc. Soc. Behav. Sci. 80, 327-340.

Lighthill, M.J., Whitham, G.B., 1955. On kinematic waves ii: a theory of traffic flow on long crowded roads. Proc. Roy. Soc. Lond. A 229, 317-345.

LiuG. Q., Lyrintzis, A. S., P.G.M., 1996. Modelling of freeway merging and diverging flow dynamics. Appl. Math. Model. 229, 317-345.

Lyrintzis, A.D., Liu, G., Michalopoulos, P.G., 1994. Development and comparative evaluation of high-order traffic flow models. Transp. Res. Rec. 1547, 174-183.



J. Ma et al./ Transportation Research Part B 113 (2018) 143-163 163

Mammar, S., Lebacque, ].P., Salem, H.H., 2009. Riemann problem resolution and Godunov scheme for the Aw-Rascle-Zhang model. Transp. Sci. 43 (4),
531-545.

McShane, W.R., Roess, R.P, Prassas, E.S., 1998. Calibration relationships for freeway analysis. In: McShane, W.R., Roess, R.P., Prassas, E.S. (Eds.), Traffic Engi-
neering. Prentice-Hall: New Jersey, pp. 282-306.

Nagatani, T., 2002. The physics of traffic jams. Rep. Prog. Phys. 65, 1331-1386.

Nagel, K., Schreckenberg, M., 1992. A cellular automaton model for freeway traffic. J. Phys. I 2 (12), 2221-2229.

Ngoduy, D., 2012. Application of gas-kinetic theory to modelling mixed traffic of manual and adaptive cruise control vehicles. Transportmetr. Part A Transp.
Sci. 8 (1), 43-60.

Ngoduy, D., 2013. Platoon-based macroscopic model for intelligent traffic flow. Transportmetr. B Transp. Dyn. 1 (2), 153-169.

Ou, Z.H,, Dai, S.Q., Zhang, P.,, Dong, L., 2007. Nonlinear analysis in the Aw-Rascle anticipation model of traffic flow. SIAM J. Appl. Math. 67 (3), 605-618.

Paveri-Fontana, S.L., 1975. On Boltzmann-like treatments for traffic flow: a critical review of the basic model and an alternative proposal for dilute traffic
analysis. Transp. Res. Part B Methodol. 9, 225-235.

Payne, H., 1979. Freflo: a macroscopic simulation model for freeway traffic. Transp. Res. Rec. 772, 68-75.

Payne, HJ., 1971. Models of freeway traffic and control. Math. Model Publ. Syst. Simul. Council Proc. La Jola Calif. 1, 51-61.

Qiao, D.L,, Zhang, P, Wong, S.C., Choi, K., 2014. A variational formulation for higher order macroscopic traffic flow models of the GSOM family. Appl. Math.
Comput. 244, 567-576.

Rascle, M., 2002. An improved macroscopic model of traffic flow: derivation and links with the Lighthill-Whitham model. Math. Comput. Model. 35,
581-590.

Richards, P, 1956. Shock waves on the freeway. Oper. Res. 4, 42-51.

Roe, P.C,, 1981. Approximate Riemann solver, parameter vectors, and difference schemes. J. Comput. Phys. 43, 357-372.

Shui, H.S., 1998. TVD scheme. In: Shui, H.S. (Ed.), Finite Difference in One-dimensional Fluid Mechanics. National Defense: Beijing, in Chinese, pp. 333-355.

Smirnov, N.N.,, Kiselev, A.B., Nikitin, V.F, SilnikovM.V., Manenkova, A.S., 2014. Hydrodynamic traffic flow models and its application to studying traffic control
effectiveness. WSEAS Trans. Fluid Mech. 9, 178-186.

Smirnova, M.N., Bogdanova, A.L, Smirnov, N.N., Kiselev, A.B., Nikitin, V.F,, Manenkova, A.S., 2018. Unsteady-state traffic flow models for urban regulation
strategy planning. Archit. Urban Des. in press.

Smirnova, M.N., Bogdanova, A.L, Zhu, ZJ., Smirnov, N., 2016. Traffic flow sensitivity to visco-elasticity. Theor. Appl. Mech. Lett. 6, 182-185.

Smirnova, M.N., Bogdanova, A.l, Zhu, ZJ., Smirnov, N., 2017. Traffic flow sensitivity to parameters in viscoelastic modelling. Transportmetr. B Transp. Dyn. 5
(1), 115-131.

Smirnova, M.N,, Bogdanova, AL, Zhu, Z]J., Manenkova, A.S., Smirnov, N.N., 2014a. Mathematical modeling of traffic flows using continuum approach. visco-
elastic effect in traffic flows. Math. Model. 26 (7), 54-64 (InRussian).

Spiliopoulou, A., Kontorinaki, M., Papageorgiou, M., Kopelias, P., 2014. Macroscopic traffic flow model validation at congested freeway off-ramp areas. Transp.
Res. Part C Emerg. Technol. 41, 18-29.

Spiliopoulou, A., Papamichail, I., Papageorgiou, M., Tyrinopoulos, 1., Chrysoulakis, J., 2015. Macroscopic traffic flow model calibration using different opti-
mization algorithms. Transp. Res. Proc. 6, 144-157.

Tao, W.Q., 2001. Numerical Heat Transfer. Xi'an Jiantong University Press: Xi'an (in Chinese), pp. 25-251.

Tordeux, A., Roussignol, M., Lebacque, ].P., Lassarre, S., 2014. A stochastic jump process applied to traffic flow modelling. Transportmetr. A Transp. Sci. 10
(4), 350-375.

Treiber, M., Hennecke, A., Helbing, D., 1999. Derivation, properties, and simulation of a gas-kinetic-based, nonlocal traffic model. Phy. Rev. E 59 (1), 239-253.

Wagner, M.H., 1978. Constitutive analysis of uniaxial elongational flow data of a low-density polyethylene melt. . Non-Newton. Fluid Mech. 4 (1-2), 39-55.

Whitham, G.B., 1974. Linear and Nonlinear Waves. Wiley, NewYork.

Wong, G.CK., Wong, S.C., 2002. A multi-class traffic flow model-an extension of LWR model with heterogeneous drivers. Transp. Res. Part A Policy Pract.
36, 827-841.

Xu, RY,, Zhang, P, Dai, S.C., Wong, S.C., 2007. Admissibility of a wide cluster solution inanisotropic higher-order traffic flow models. SIAM J. Appl. Math. 68
(2), 562-573.

Zhang, H.M., 1998. A theory of nonequilibrium traffic flow. Transp. Res. Part B Methodol. 32 (7), 485-498.

Zhang, H.M., 2003. Driver memory, traffic viscosity and a viscous vehicular traffic flow model. Transp. Res. Part B Methodol. 37, 27-41.

Zhang, P, Wong, S.C., 2006. Essence of conservation forms in the travelling wave solutions of higher-order traffic flow. Phys. Rev. E 74 (2), 026109.

Zhang, P., Wong, S.C., Dai, S.Q., 2009. A conserved higher order aniso-tropic traffic flow model: description of equilibrium and non-equilibrium flows. Transp.
Res. Part B Methodol. 43 (5), 562-574.

ZhangP., Wong, S.C., CW.S., 2006. A weighted essentially non-oscillatory numerical scheme for a multi-class traffic flow model on an inhomogeneous
highway. J. Comput. Phys. 212 (2), 739-756.

Zhu, ZJ., Wu, T.Q., 2003. Two-phase fluids model for freeway traffic and its application to simulate the evolution of solitons in traffic. ASCE ]. Transp. Eng.
129, 51-56.

Zhu, ZJ., Yang, C., 2013. Visco-elastic traffic flow model. ]. Adv. Transp. 47, 635-649.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [3800 3800]
  /PageSize [612.000 792.000]
>> setpagedevice


